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Fig. 1 Explanation of the new mixing-length concept.
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Fig. 3 Variation of normalized growth rate b/bi with convective
Mach number.

where Xa and Xb are axial coordinates and DYa and DYh are
the distances between y0.9 and y0.i at Xa and Xb, respectively.
F( = 0.905) is a correction factor that converts the spreading
rate for u2/u\ =0.05 to that for u^/u\ =0.

Figure 2 shows the spreading-rate parameter variations with
Mach number from calculations and measurements. As seen
from this figure, the new mixing-length model predicts a sig-
nificant decrease of the spreading rate with increasing Mach
number and the results agree well with data, while the incom-
pressible mixing-length model gives a very small decrease of
spreading rate. Figure 3 plots the variation of the normalized
spreading rate with convective Mach number, and includes the
experimental data compiled in Refs. 3 and 4.

The spreading-rate behavior from the new mixing-length
definition shows the same trend as the experimental data. The
spreading rate from the present solutions start to rapidly de-
crease when the convective Mach number Mc\ is greater than

0.46 (A/! = 1), because then a relative sonic flow exists in the
shear layer.

Conclusion
A new mixing-length model was developed and applied to

include the compressibility effect. The characteristic scale of
the mixing region is determined locally by the lateral distance
between the two points where flow moves sonic relative to the
local point. Supersonic free shear layers at various Mach
numbers were calculated with the new model. The results show
the decrease of spreading rate with increasing Mach number
and agree well with the existing experimental data.
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Improvements to a Nonequilibrium
Algebraic Turbulence Model

D. A. Johnson* and T. J. Coakley*
NASA Ames Research Center, Moffett Field,

California 94035

Introduction

A T the Viscous Transonic Airfoil Workshop held at the
AIAA 25th Aerospace Sciences Meeting at Reno, Ne-

vada, in January 1987, Coakley1 and King2 both showed that
the nonequilibrium turbulence model of Johnson and King3'4
performed significantly better than the more widely used equi-
librium models of Cebeci and Smith5 and Baldwin and Lo-
max6 for separated transonic airfoil flows. However, for some
easier test cases where the shock wave on the upper airfoil
surface was too weak to cause separation (RAE 2822 airfoil
test cases 6 and 9 of Cook et al.7), the shock location was
better predicted by the aforementioned equilibrium models.

An examination of numerical solutions for the RAE 2822
airfoil has revealed that most of the observed differences in
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predicted shock location for these weak interactions were due
to a deficiency in the inner eddy viscosity formulation of the
Johnson-King model. In this Note, a new formulation is pre-
sented which removes this deficiency. The new formulation
satisfies the law of the wall for adverse pressure-gradient
conditions better than either the original formulation or mix-
ing-length theory. Additional modifications to the model are
also presented which incorporate compressibility effects into
the model and improve the prediction of skin friction for
favorable and zero pressure-gradient conditions.

Turbulence Modeling
In the inner eddy viscosity formulation of the Johnson-King

model, the velocity scale is proportional to the square root of
the maximum Reynolds shear stress rather than to a length
scale-strain rate product or a length scale vorticity product as
in the Cebeci-Smith or Baldwin-Lomax models, respectively.
For the weak interaction airfoil test cases considered here, this
velocity scale resulted in higher wall shear levels aft of the
shock wave, which in turn resulted in moderate increases
(«10%) in boundary-layer displacement thickness near the
airfoil trailing edge. Associated with these increases in
boundary-layer displacement thickness were noticeably more
forward shock-wave locations («3% chord).

The underlying cause for this behavior was large, near-wall
eddy viscosities stemming from the use of the maximum Rey-
nolds shear stress as the velocity scale. These large, near-wall
eddy viscosities can be explained with the aid of Fig. 1. In this
figure, several inner eddy viscosity distributions vti scaled to
the Johnson-King inner eddy viscosity distribution (J^/)J-K
have been sketched as a function of y, the distance from the
surface, for a hypothetical adverse pressure-gradient (dP/
dX >0) boundary layer. In this example, the maximum of the
Reynolds shear stress r is 2.25 times larger than the wall shear
stress. The quantity um in this figure is the velocity scale
( — w ' v ' w ) 1 / 2 of the Johnson-King model. The subscript m
denotes the location where r/p = u'v' is a maximum. For
compressible flows, as will be discussed later, the velocity scale
should include the density ratio Vpm/p. With this change, the
inner eddy viscosity expression for the Johnson-King model is
given by

and 3) a model based on the compressible law of the wall
(du/dy = Vpw./p ur/K.y). The subcript w denotes wall cond-
itions. For mixing-length theory, the substitution du/dy =
VT/P/KV has been made. Note that formulas for these distribu-
tions are given in the legend of Fig. 1. The distributions shown
do not include any viscous-sublayer damping.

The y locations designated Lm and Lc in Fig. 1 correspond to
the locations where r/p is a maximum and where r-Vpw,pm
u7um, respectively. The significance of Lc is that it is where the
eddy viscosities based on the law of the wall and on the
Johnson-King formulas are equal. Note that for a zero pres-
sure-gradient boundary layer, all of the eddy viscosity distri-
butions are nearly identical for y < Lm since for zero pressure-
gradient conditions r-pwu^-pmu^ in this region.

Near the wall (y<Lc), as seen from Fig. 1, the Johnson-
King formula gives larger values of eddy viscosity than the
other three formulas. Relative to the law of the wall, it is seen
that mixing-length theory and Clauser's formula satisfy the
law of the wall only very near the surface. Between Lc and the
wall, the law of the wall viscosity lies between the Johnson-
King viscosity and the other two viscosities.

Based on these observations and the premise that the law of
the wall is more universally valid in the immediate region of
the surface for attached adverse pressure-gradient conditions
than is mixing-length theory9 or the original Johnson-King
formulation, a new formulation is proposed for the inner eddy
viscosity distribution of the Johnson-King model. The new
formulation essentially reduces to the original formulation
when separation occurs. In Refs. 3 and 4, the superiority of
the original formulation over mixing-length theory for sepa-
rated flows was clearly demonstrated. Consistent with experi-
ment,9 the new formulation predicts a diminishing extent of
the logarithmic region with decreasing r = *Jpwpm uTum.

The new formulation is based on a new algebraic velocity-
scale relationship whose derivation will now be presented.
First, it is assumed that Ky remains the proper length scale even
in nonzero pressure-gradient conditions. In this case, for the
law of the wall to be satisfied, the eddy viscosity velocity scale
us must be given by

(2)

(1)

where D is a van Driest-type near-wall damping term and K is
Karman's constant.

The eddy viscosity distributions of Fig. 1 include 1) mixing-
length theory as used in the Cebeci-Smith model; 2) Clauser's8

model which uses the friction velocity ur as the velocity scale;

y, ARBITRARY UNITS

Fig. 1 Eddy viscosity distributions referenced to (v,/)j _ K = Ky spm /p
um (Johnson-King model) for a hypothetical adverse pressure-gradient
boundary layer: —-— vtj = Ky 7 / p (mixing-length theory); ---
vn = Ky\pw/pUr (Clauser); ——— W/=Kj ' (VT/ x p M w T ) ( N 77p) (law of the
wall); and ———— »•„• [Kq. (8)].

A determinable form for the velocity scale us is obtained by
prescribing a r distribution for the near-wall logarithmic ve-
locity region. The following linear distribution is believed to
be reasonable:

(3)

Substituting Eq. (3) into Eq. (2) and grouping terms, the
following expression is obtained for us:

MT(! -

where the term L 'c is given by

un,y/L 'c

MW

(4)

(5)

For the r distribution of Eq. (3), Lc and L «.' are equivalent. To
achieve the desired asymptotic value for us when y/L', >1,
y/L'c in Eq. (4) is replaced by tanh (y/L 'c.):

MT[ 1 - t pm/p um tanh(y /L 'c ) (6)

This completes the derivation.
The use of this velocity scale in Eq. (1) instead of Vpm/p um

is in effect a blending of the eddy viscosity relationships pro-
posed by Clauser ( j> / / )n» and Johnson and King through the
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function y2 = tanh(y/L 'c):

(7)

If /<y|dw/d.y| is substituted for Vpw,/p WT in Eq. (6), which is

reasonable, then a blend of the mixing-length theory
and the Johnson-King expression results:

(8)

In the limited experience to date, using either Vpw/p ur or /cy
du/dy in Eq. (6) yielded similar results. The use of mixing-
length theory may be more easily accepted because of its
extensive usage in the past. The value used for A + in the van
Driest damping expression depends on the velocity scale. For
the Clauser and Johnson-King velocity scales, a value of 17 is
appropriate while for the mixing-length velocity scale a value
of 26 should be used. The eddy viscosity distribution of Eq. (8)
is sketched in Fig. 1.

In the intermediate calculation of L'c from Eq. (5), ur is
allowed to be negative, but then a lower positive limit of
0.005Lm is applied to L'c . This prevents an overflow error in
the computation of y2 when uT = 0 and maintains a constant
but very small L'c in separated regions. To ensure a positive
velocity scale in separated regions, the absolute value of u7 is
used in Eq. (6).

When the pressure gradient is favorable, the viscous sub-
layer extends to Lm, and mixing-length theory agrees with the
law of the wall better than does the Johnson-King expression
outside of Lm. Thus, for favorable pressure-gradient condi-
tions, the argument for using Eqs. (7) or (8), based on the
universality of the law of the wall, is not as strong. However,
for favorable pressure-gradient cases, it has been the authors'
experience that all three expressions—mixing-length theory,
Clauser's expression, and the Johnson-King expression—give
nearly identical results. This in part is because vp^ UT does not
depart far from Vp^ um under favorable pressure-gradient
conditions. Thus, from a pragmatic point of view, the use of
Eqs. (7) and (8) in regions of favorable pressure gradient
seems justified. This appears to be a better approach than
setting 72 to zero for dP/dX <0, which could result in stream-
wise discontinuities in vti where dP/cLY changes sign.

As noted earlier, for compressible flows \pw/p um should
be the velocity scale in the Johnson-King inner eddy viscosity
formula instead of um. This follows simply from the con-
stancy of T in a zero-pressure-gradient compressible boundary
layer and the compressible law of the wall, du/dy= Vp^/p
ur/K.y. This change has only a small effect for transonic flows
but could be important for high supersonic flows where the
ratio Vpm/p can be far from unity. The analogy for Clauser's
expression is the use of Vp^/p UT instead of UT.

Two additional modifications are suggested for the John-
son-King model to provide better predictions of skin friction
for favorable and zero pressure-gradient conditions. These are
1) the use of the hyperbolic tangent function rather than an
exponential in the blending of the inner vti and outer v,0 eddy
viscosity distributions of this model:

(9)

and 2) the use of UT or Vp /w/pw um in the van Driest damping
term, whichever is larger, rather than um.

Results
In Fig. 2, results for the RAE 2822 airfoil test case 9,

obtained with the new inner eddy viscosity formulation of Eq.
(8), are compared with the experimental data of Cook et al.7;
the Johnson-King model results of Ref. 1; and recomputed
Cebeci-Smith5 model results. The new numerical results were
obtained using the same Navier-Stokes code and grid of Ref.

a)

b)
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.004

D EXP. CL = 0.803 CD = 0.0168
—— OLDJ-K CL = 0.787 CD = 0.0159
—— NEWJ-K C L = 0.828 CD = 0.0170
—— C-S CL = 0.825 CD = 0.0170

C)

Fig. 2 RAE 2822, case 9: a) surface pressure; b) upper-surface skin
friction; and c) displacement-thickness distributions at A/eXp = 0.729,
Mcomp = 0.730, Re = 6.5 x 106, aexp = 3.19 deg, acomp = 2.8 deg.

a EXP CL = 0.803 CD = 0.0168
—— NEWJ-K CL = 0.804 CD= 0.0169
—— C-S CL = 0.801 CD= 0.0169

Fig. 3 RAE 2822, case 9: surface pressure distributions at
Afeap = 0.729, Mcomp = 0.734, Re = 6.6 X 106, aexP = 3.19 deg,
ttcomp = 2.65 deg.
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1. In the calculations, the Mach number M was 0.73 and the
angle of attack a was 2.8 deg. These are the same (corrected)
conditions used by Coakley and by King. Included in Fig. 2 is
a table of the lift and drag coefficients (CL and CD, respec-
tively) for the calculations and the experiment. In all calcula-
tions, wall properties were used for y+ in the van Driest
damping term (i.e., y+=ypw UT/IJLW). No pressure-gradient
corrections for A + were applied.

In the new Johnson-King results, the diffusion term of that
model was set to zero when the parameter a of the model was
less than 1. For the RAE 2822 airfoil test cases 6, 9, and 10,
this change had little effect on computed results. But for the
NACA 0012 airfoil, this change had a pronounced effect on
predicted shock location. The original purpose of the diffu-
sion term was to achieve better model performance in regions
of flow recovery (i.e., regions where o> 1). At the time, it was
thought that the modeled diffusion term had a negligible
influence in regions where a was less than unity. Such appears
not always to be the case. Considering that the validity of this
term is far from established, the judicious approach is to
include it only where it is known to improve the computed
results—regions where a exceeds unity.

It should be noted that the pressure rise across the shock
predicted by the Johnson-King model is in better agreement
with experiment than that predicted with the Cebeci-Smith
model. The weaker shock is a result of a more rapid boundary-
layer growth in the shock region.

For the Cebeci-Smith model solution shown in Fig. 2, the
larger of the two quantities ur and \lpm/pw um was also used in
the van Driest damping term. The use of simply \UT\ instead, as
has commonly been done in the implementation of the Cebeci-
Smith and Baldwin-Lomax models, does not appear to be
appropriate since it predicts early separation. Moreover, be-
cause of lower predicted wall shear levels on the aft section of
the airfoil, it results in slower boundary-layer growth. This is
accompanied by an increase in lift and a shock location that is
slightly more aft in spite of the presence of separation. For the
Cebeci-Smith model, CL increases from 0.825 to 0.836 when
ur alone is used in the damping term.

Because of the presence of wind-tunnel wall effects in this
experiment, there is some question as to what freestream
conditions should be used in the calculations. Lift and drag
levels closer to those of the experiment are obtained with both
the proposed modified Johnson-King model and the Cebeci-
Smith modes for M = 0.734 and a = 2.65 deg. A comparison
of pressure distributions and a table of Q and CD for these
conditions are presented in Fig. 3.
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Characteristics of Hot-Film
Anemometers for Use
in Hypersonic Flows

Anthony Demetriades* and Scott G. Anderst
Montana State University, Bozeman, Montana 59717

T URBULENCE measurements in high-speed flows have
been traditionally conducted with the hot-wire anemome-

ter.1 Because of the severe compressibility effects and the fre-
quency response requirements, hot-wire signals in such flows
can be interpreted only by making assumptions on the nature
of the turbulence and then only by resorting to analog or
digital response restoration schemes.2 Among users of hot
wires at high speeds, however, the major issue is the structural
endurance of the hot wire in high-temperature, high-dynamic-
pressure flows, often laden with destructive projectiles in the
form of dust or liquid particles. In such an environment, the
endurance problem should be eased for "hot-film" anemome-
ters, which replace the fragile wire by a thin metallic film
deposited on a rigid substrate. Some characteristics of such hot
films are described in this Note.

Although hot-film anemometer probes have already been
used at hypersonic speeds,3 most of the reports on their use,
and the choice one has among commercially available models,
concerns applications in low-speed flows of gases and liquids4

and low-to-moderate temperatures. Furthermore, the low-
speed research gives very scant data on those basic hot-film
properties that could guide the development for high-speed,
high-temperature applications, long before issues of frequency
response are addressed. In the present research, in addition to
developing hot-film sensors capable of continuous exposure to
high temperatures, measurements of the thermometric and
heat-transfer properties of such typical films were made.

The present films consisted of a 0.05-cmx0.18-cm film of
platinum deposited on the stagnation line of a wedge-shaped
glaze bead positioned at the tip of a 10-cm long, 0.25-cm-diam,
twin-bore alumina tube.5 Temperature endurance of each
probe was checked during the fabrication process, which cy-
cled each probe to 760°C, and in subsequent electrical stability
tests in which the probe resistance was observed continuously
at 730°C, typically for an hour. Probes of this design have also
operated for several hours on end in the Montana State Uni-
versity Mach 3 wind tunnel and in the Mach 8 tunnel B of the
Arnold Engineering Development Center (AEDC), where dy-
namic and temperature loads of 20.7 kPa and 425°C are en-
countered. Destructive tests pushing the film overheat to 90%,
and film temperatures to 760°C have also reinforced confi-
dence in film-probe durability.

Resistivity calibrations of these probes are routinely done in
a controlled oven to determine the film resistance R depen-
dence on the ambient temperature as represented by the
"first" and "second" resistivity coefficients a and ft:

where Rr and Tr are reference conditions. In hot-wire anemom-
etry, which historically has dealt with lower temperatures,
there is little interest in or use of the ft coefficient. In the
present work, the calibration interval extended to 600°C to
anticipate the use of the probes in hypersonic flows. As Fig. 1
shows, the resistance variation with ambient temperature is
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